The angle at the centre: 28 = 28.96°, it does not differ a lot from 30°, but thinking that it is 30° is a
conceptual mistake.

Using the formulas above, we can calculate the area of the second segment (only the angle is different).
Calculate the third area similarly.

We can calculate the “inner” area of the Poly-Universe by subtracting the area of the three semicircles and
the three segments from the area of the base circle.

Prior knowledge:
Circles, areas of triangles, the concept and the area of a circle sector, circle segments

Recommendations for teachers:
We can calculate the arc length in the case of the “almost” circle, the perimeter of the yellow field as well.




Grade C / Ages: 14-18

Topics: geometry, tangent lines

Sets: circle

Further tools: paper, coloured pencils

Language: English

Description of the task:

Prove that the tangent line of the medium-sized semicircle (drawn from the intersection point of this
semicircle and the base circle) is also a tangent line of the large semicircle.

Solution(s) of the task:

Draw the figure, draw the appropriate guides, and use letters to indicate the points.

N

1

For easier calculation, let the radius of the base circle be 4 units. Then the radius of the large semicircle is
2 units, and the radius of the medium-sized semicircle is 1 unit. Therefore, the distance between the
tangent line and line BO is 1 unit. We would like to define the distance of point A from line BO because if
the distance is 3 units, then its distance from the tangent line is 2 units, which means that it touches the
large semicircle (since the radius of the large semicircle is 2 units). Because N;ON,< = 60° (previous task),
N;OA<« = 30°and AOC«x = 60°.

The triangles AON; and the AOC are “halves” of an equilateral triangle, so the ratio of the sides are

1: +/3:2.5if ON; =4,thenmz4§=2\/§,andﬁz2\/§‘/Z—§=3.

We have proved the theorem.

Prior knowledge:
The properties of equilateral triangles and 30-60-90 triangles.

Recommendations for teachers:
In solving this task, we can refer back to the results of task 137C, according to which the central angle
belonging to the large semicircle is 60°.




‘._RSE y Grade C/ Ages: 14-18

$ o;, Topics: geometry, trigonometry

% ~ § Sets: triangle

0’4/ B, o~ | Further tools: paper, pencils, calculators
01y Language: English

Description of the task:

Calculate the lengths of the sides, the measures of the angles, and the area of triangle DEF which can be
seen in the picture. Make calculations with parameters: the side of the base triangle is a; then calculate
with a = 8 cm; and finally measure the length of the side of the base triangle (mm), and calculate the
missing data using this length. In the last two cases, give your answer in cm rounded to 2 decimal places.

Solution(s) of the task:

We calculate the length of the sides using the law of cosines. Side DE can be calculated from triangles DIE

or DBE. Now we use triangle DIE. DI = %, IE = %, DIE< = 120°, and we know that cos(120°) = —0,5

2

oe = (' + () -2-§)- () comrzor - T

1) T3 1) \2 16
7
DE = % ~ 0.66a

Ifa=8cm,DE = 5.29cm




The length of the sides of the base triangle is 90mm, however, small deviations are possible, so students
can measure 89 or 91 mm as well.

The calculation of side EF:

8 2 8 8
EFZ-(a)24—<3a)2 , (a) (Sa) (120°) = 13a?
~ 3 8 g/ \g) ~ 64
av13
F = ~ 0.45a
Ifa=8cm, EF = 3.61 cm
The calculation of side DF:
DG=% GF=q-2-2=2
Ty =037 8"
az2 5a\? a 5a 39a?
DF?2 = (= (—) —2-—-(—) 120°) =
(4) {3 (4) g ) cos(1209 =—
av39
DF = ~ 0,78a

Ifa=8cm,DF =~ 6.24cm

Knowing the lengths of the three sides, we can calculate the measure of an angle of the triangle using the
law of cosines. First, calculate the measure of the angle opposite the longest side (because it might be an
obtuse angle, as it turns out from the law of cosines).

3942 7a%* 13a? av7 aV13
== —2. 20, . cos(DEF<
64 16 | 64 z g oos( )
2a? a’*\/91
L . cos(DEF«
64 16 cos( )

1
cos(DEFx) = ——
(DEF) = ot

DEF<« = 87°

Another angle can be calculated using the law of sines.

Prior knowledge:
The law of sines and the law of cosines. Finding area using the trigonometric formula.

Recommendations for teachers:
Exercises leading to the law of sines and the law of cosines can be assigned based on the elements of the
circle set and the square set. We can also construct the task in GeoGebra to check the solution.




ERSE Grade C / Ages: 14-18

Topics: geometry, triangles, area, trigonometry
QM Sets: triangle

-E,.,..w Further tools: paper, pencils, ruler, calculator
11\13“ Language: English

Description of the task:

1. What proportion of the whole is the shaded part?
2. What proportion of the whole is the shaded part?

1. solution:

For the sake of simplicity, let the sides of the triangle be 8 units long. Then the figure looks like this.
a?y3

The area of an equilateral triangle with side length ais A =

AABC = 16\/§

The area of the triangle EFD is determined by subtracting the area of the triangles ADF, DBE, and ECF from
the area of the base triangle ABC. Since the heights of the triangles are equal to the heights of the
corresponding equilateral triangles with sides of length 4, of 2, and of 1 unit,

6-2\/_=6\/§

ADF —

<|N

7

—35\/_

Apgp =




NS

4,.
ACEF=T=‘/§-

So Apgr = 16v/3 — 64/3 — 3.5v/3 — /3 = 5.5v/3

A 55v3 11
Therefore, the ratio of the shaded area to the whole is: Aper _ 55V3 _ 11

Agpc ~ 16V3 32

2. solution:

For the sake of simplicity, let the sides of the triangle be 8 units long. Then the figure looks like this.

2
. . . . . 3
The area of an equilateral triangle with side lengthais A = %.

AABC = 16\/§

The area of the triangle EFD is determined by subtracting the area of the triangles ADF, DBE, and ECF from
the area of the base triangle ABC. Since the heights of the triangles are equal to the heights of the
corresponding equilateral triangles with sides of length 4, 2 and 1 unit,

7-2V3
Appr = — =7V3

4-3
BED=—2 =23

ACEF = T = 15\/§

So Apgr = 1633 — 74/3 — 24/3 — 1.5V/3 = 5.5+/3.

A 55v3 11
Therefore, the ratio of the shaded area to the whole is: per _ 55V3 _ —

Agge  16v3 32

Prior knowledge:
How to calculate the areas of equilateral triangles

Recommendations for teachers:
This is the first task of a series of problems including tasks 140C, 141C, 142C, 143C.
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Grade C / Ages: 14-18

Topics: geometry, triangle, area, trigonometry
Sets: triangle

Further tools: paper, pencils, rulers, calculators
Language: English

Description of the task:

In the previous exercises we have seen that when the lengths of the sides of triangles AGF, BHD, and CIE
are one half, one quarter, and one eighth of the side of triangle ABC, the areas of triangles EDF and GHI

11
are the same (both o ).

Is this statement true if the ratios of the sides of the triangles are not in the progression 1: 2: 4: 8?
So, the new task is: An equilateral triangle ABC is given in which FG, DH, El are secant segments parallel to
their respective opposite sides. Is it true that Tgy; = Tpgr?

Solution(s) of the task:




For the sake of simplicity, let the length of the sides of triangle ABC be 1 unit; the side of triangle AFG is g;
the side of triangle BHD is b; and the side of triangle CIE is c.

The areas of triangles DEF and GHI are determined by subtracting the areas of the corresponding triangles
from the area of triangle ABC.

a-b-siny
area rule.

We can calculate the area of the given triangles in many ways, now we will use the A, =

So

Tper = Tapc — Tapr — Tpep — Tere =

_1-1-5in60° a-(1—b) sin60° b-(1—c)-sin60° c-(1—a)-sin60°

2 2 2 2
sin60°
=— ‘[1—a(l-b)—-b(1—-c)—c(l—-a)] =
sin60°
= “l—a—-b—c+ab+bc+ac)

Torr = Tapc — Tagr — Teue — Ten =

_1-1-5in60° a-(1—c)-sin60° b-(1—a)-sin60° c-(1—>b)-sin60°

2 2 2 2
in60°
== l-a(l-0) b1 -a) — c(1-b)] =
sin60°
= ‘(1—=a—-b—c+ab+bc+ac)

So the areas of the two triangles are the same.

Prior knowledge:
The trigonometric area formula.

Recommendations for teachers:
This is the second task in a series of problems including tasks 140C, 141C, 142C, 143C.




\“’_RSE y Grade C / Ages: 14-18
$ ’ o;., Topics: geometry, triangles, area, trigonometry
Zo', ‘% § Sets: triangle
9‘4/ B, A Further tools: paper, pencils, ruler, calculator
01y Language: English

Description of the task:

Is the statement true even if the original triangle is not an equilateral triangle?
So, the new task is: An equilateral triangle ABC is given in which FG, DH, El are secant segments parallel
with the opposite sides. Is it true that Tgy; = Tpgr?

Solution(s) of the task:

Let’s consider the triangles AFG, BDH, and CIE as being the images of triangle ABC under dilation, the
centres of which are the vertices A, B, and C, and the scale factors of which are a, b, and c. We know that
the ratio of the areas is quadratic with the scale factor, so the ratio of the area of the triangle AFG to the
area of triangle ABC = a?: 1. If the ratio of line segment AF to AC is a, then the ratio of line segment BD
to AB is b, and the ratio of side AD to AB is 1-b. Let's try to determine the ratio of the area of triangle AFD
to the area of triangle ABC. We already know that AGF: ABC = a*, and we also know that the heights of
triangles AGF and ADF are the same, and that the ratio of their bases is a : 1-b. Therefore, the ratio of
their areas also changes with the ratio of their sides. That is, AGF: ADF = a?: (1-b). So ADF: ABC =

a (1 — b). The ratio of the areas of triangles BDE, CEF to the area of triangle ABC can be calculated
similarly, and they are b (1-c) and c (1-a), respectively.

The areas of triangles DEF and GHI are determined by subtracting the areas of the corresponding triangles

from the area of triangle ABC.

So Apgr = Appc — Aapr — Aggp —Acre = 1—a(1—-b)—-b(1—c)—c(l—a)=(1—a—b—c+ab+
ac + bc).

Acur = Aapc — Aagt — A —Acin=1—a(l—-c)—-b(1l—-a)—c(1-b)=1Q—-a—-b—-c+ab+
ac + be).

So, the areas of the two triangles are the same.




In a slightly different way:

t "

t g 2

Let’s consider hexagon FGDHEI. Draw parallel lines with the appropriate sides through points G, I, H, and
then through points D, E, and F. This way the hexagon is divided into 7 triangles, the areas of which can be
paired, because the diagonals of the parallelograms halve the areas of the quadrilaterals. The triangles in
the middle of the two different figures are congruent, because their sides are of equal length, since their
sidesare I[E — GD,DH — IF,FG — EH. Because the two hexagons are the same, so are their areas:

2ty + 2t, + 2t3 + t = 2ty + 2t5 + 2tg + t; if we subtract t from both sides and divide by 2 then

ty +ty + t3 =ty + ts + tg; then adding t to both sides

i+t +ty+t=t,+ts+tg+t,

Agur = Apgr;

So the statement has been proved.

Prior knowledge:
The ratios of the areas of similar triangles.

Recommendations for teachers:
This is the third task of a series of problems including tasks 140C, 141C, 142C, 143C.




Grade C / Ages: 14-18
$ “ &, | Topics: geometry, squares, area, trigonometry
2, ~ § Sets: square
°, o £ Further tools:
01y Language: English

Description of the task:

Is the statement true even if the task is based on a square instead of a triangle?
So, the new task is: A square ABCD is given in which LE, IF, JG and KH are secant segments parallel with the

diagonals of the square. Is it true that Tgrgy = Tyjir ?

Solution(s) of the task:

Let the lengths of the following line segments be denoted in this way:

AH = AK =a,BE =BL=b,CF =Cl =c,and DG = D] =d.

We can assume that the length of the sides of the square is one unit. Calculate the area of quadrilateral
EFGH in the following way:

Agren = Aapcp — Aanc — Apen — Acre — Aper;

a(l-d) _ b(1—a) _ c(1-b) _ d(1-c)
2 2 2 2’

So AEFGH =1-

Now calculate the area of quadrilateral IJKL in a similar way.

a(1-b) b(1—¢) c(1-d) d(1-a),
2 2 2 2’

We get the following expression for this: Ay, =1 —

If we expand the brackets, we can see that the two expressions are the same, and so the areas of the two

quadrilaterals are the same.

Prior knowledge:
Calculating the area of right-angled triangles.

Recommendations for teachers:
This is the fourth task of a series of problems including tasks 140C, 141C, 142C, 143C.
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2 Combinatorics & Probability calculations

“There are areas of mathematics where Hungarian research belongs to the forefront of the world. The predecessors and des-
cendants of Pdl Erdés made combinatorics practically a "Hungarian science". This discipline was originally based on playful, puzzle-like
problems, but with the appearance of the computer, it turned out to be one of the most important foundations of computer science.

This has recently led to an explosive development.”(Katona, 2006)

Most of the combinatorics exercises cannot be solved mechanically, but they require critical thinking,
strategic planning, which improve mathematical performance and is excellent for both subject-cen-
tered and multidisciplinary concentration.

Poly-Universe's structure, colour-, and size varieties are inexhaustible sources for combinatorics
tasks. Indeed, this chapter contains a rich diversity of materials for all ages in the areas of combina-
torics and probability calculations.

In age group A, combinatorics tasks examine the possibilities of combining two elements only, and
offer students the chance to formulate a rule on their own by free play and experimentation.
Probability calculations help to prepare the understanding of the concept of probability by experi-
mentation.

Many of the B-age group worksheets contain free play as well (see the Tangram-type exercises), but
wherever possible, students are already asked about the number of combination possibilities. Thus,
these tasks already require some combinatorics experience. So is geometry as well present in these
exercises, because specific symmetries or particularities originating in the elements' structure have
to be taken into account when solving a problem.

The exercises for age group C are based on the traditional combinatorics knowledge of secondary
schools, such as permutations, combinations, variations, combinatorial probability. Some of the exer-
cises highlight in how many different ways Poly-Universe can be combined. The results are often
unimaginably high numbers, worth comparing with very large numbers familiar to students, such as
astronomical distances, the age of the celestial bodies expressed in seconds, the GDP data of large
countries, the population of humanity, etc.
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One of the most difficult exercises in combinatorics is to find the mistake in "seemingly" good
solutions, that's why we included false, troubleshooting exercises as well. It is important to know
that exercises for different age groups in this chapter are connected, they build upon each other.
These connections were also indicated on the worksheets. It makes sense to solve these exercises
one after another so that students can grasp how a solution can be traced back to an exercise
already solved.

We basically rely on the tool set in this age group as well. The solution comes easier through indi-
vidual cases. In some cases, we would like to lay down several possible solutions in order to under-
stand the exercise, although we don't provide over many sets. Therefore, it is worth to save the cases
already already laid down before in one form or another. This can be a drawing, a smartphone photo,
or an image of digitalized Poly-Universe elements combined into a new design.

The exercises at the end of this chapter go beyond the framework of traditional secondary school
education, to find their place in mathematics specialization classes or in higher education. Here the
concepts of binomial coefficients, expected value, total induction, fixed points of permutations and
the principle of logical sieve appear.

[3] Katona Gy., How did combinatorics become ,,Hungarian mathematics”? Mindentudds Egyeteme lecture May 8, 2006,
http://www.origo.hu/itthon/20060514katonal.html (16.02.2019)

VAN
"W, ‘ 'VA'

AVA

AVA
av

7\ 4

'-Av

A ' 4

AVA

AV‘

i N ey R i W e &
ok N VA \ oA "Axv b ’VA \

VA

A

/






Grade A / Age: 8-10

S < >
§ Q 4:!(‘., Topic: combinatorics
:‘E "é Sets: triangle, circle, square
3 N

o;,/ e Further tools: paper, pencil

>
OryyHo® Language: English

Description of the task:

1. Write down the relationship rules between the connecting pairs (circle-square, square-triangle).
2. Find another combination of three pieces that keep the same rules.
3. How many layouts are possible using one base colour? And if we use all pieces of Poly-Universe?

Solution(s) of the task:

1. Rules between:
Circle and Square: The base colour is the same (blue). The large semicircle is connected to the large
square, and has the same colour (red).
Square and Triangle: They also have the same base colour (blue). The small triangle and square are
connected with the same colour (yellow). The basic element triangle and square have the same colour
combination but in the opposite direction.

2. Another combination:
T I |

3. The number of possibilities is 6 of one colour, and 4x6 = 24 if we use all 4 base colours.

P
e >>

g

T m >>
< - - o - |
-, @,

>
,4- - ,4- .
< > <8 >

> >

Recommendations for teachers:
It is worth setting out all 24 possible arrangements.




Q ERSEI,’, Grade A / Age: 6-10
§ ¥, | Topic: combinatorics, probability
N =
3 ‘M 8 Sets: any set
9‘4/ [ — Further tools: paper, pencil, board
1-[\1'.“\0 Language: English

Description of the task:

Work in pairs.

Put the 24 pieces of one Poly-Universe set into an opaque bag.

Take turns pulling out 10 pieces one by one, and note the base colour of the drawn item.
How many of each colour did you count?

Red base colour:

Blue base colour:

Green base colour:

Yellow base colour:

Summarize the results of the whole class at the board.

Take out those elements the base colour of which is yellow, then repeat the experiment. Pull out 10
elements in turns, then note the colour of the middle field of the drawn item.
How many of each colour did you count?

Red base colour:

Blue base colour:

Green base colour:

Next, take out those elements the base colour of which is green, and repeat the experiment the same way.

Red base colour:

Blue base colour:

What did you experience? When do we have a greater chance of pulling an element of red base colour?

Solution(s) of the task:

Students should work in pairs. Each pair will get one Poly-Universe set of 24 pieces (It is important to use
one original Poly-Universe set with 24 different elements, not a mixed one.) They should put the 24
elements into a bag, shuffle them, and pull the elements without seeing what they pull. After every
drawing they should tell the colour of the middle field of the element (base colour) to their partner who
should note it. Each pair should pull at least 10 times, then summarize then add up the pulled colours.
Finally, summarize the results with the whole class at the board.




Next, do the experiment again with only three types of elements (red, blue, and green middle) in the bag.
After it, do the same experiment with only elements of red and blue base colour remaining in the bag.
Students should discuss their experiences. What fraction of all the drawn elements will have red middle in
the first, second and third experiment?

When do we have a greater chance of pulling an element of red base colour?

The more experiments they do, the better.

The following tables are useful to put on the board:

Number of Number of Number of Number of
elements of red elements of blue | elements of elements of
base colour base colour green base colour | yellow base
colour
1. group
2. group
3. group
Number of Number of Number of
elements of red elements of blue elements of
base colour base colour green base colour
1. group
2. group
3. group
Number of elements of red | Number of elements of blue
base colour base colour
1. group
2. group
3. group

Prior knowledge:
Fractions

Recommendations for teachers:
Experimentation and gaining experience are great ways of being engaged in probability at this age.






